Abstract. Simultaneous measurement of several noncommuting observables is modeled by using semigroups of completely positive maps on an algebra with a non-trivial center. The resulting piecewisedeterministic dynamics leads to chaos and to nonlinear iterated function systems (quantum fractals) on complex projective spaces.
Introduction
From the very beginning quantum mechanics has been formulated in rather abstract mathematical terms: operators, commutators, eigenvalues, eigenvectors etc. For the most part, the accompanying physical interpretations were discovered as surprises rather than due to any deeper understanding of what all this new theory was about. Much of the axiomatization of quantum theory originated in the works of John von Neumann [38] , culminating in his classic monograph "Mathematical Foundations of Quantum Theory." But physics is not always as simple as mathematicians would like it to be. Even if the criteria of mathematical elegance and simplicity are often useful in sorting out candidates for possible formal descriptions of reality, Nature herself has proven to have a sense of elegance that quite often goes deeper than what we would naively expect. The unfortunate result of the lack of deeper understanding of the physical foundations of quantum theory (as exemplified by the famous discussions between Einstein and Bohr, with Einstein exclamating: "God does not play dice", and Bohr responding: "Einstein, stop telling God what to do") was that the theory has been axiomatized, including the concept of "measurement". In this way for many many years only a few brave physicists dared to notice that the emperor has no clothes and say it aloud. As we have stressed elsewhere [33] John Bell [5, 6] deplored the misleading use of the term "measurement" in quantum theory. He opted for banning this word altogether from our quantum vocabulary, together with other vague terms such as "macroscopic", "microscopic", and "observable". (Today he would probably add to his list two other terms of similarly dubious validity: "environment", and "environmentally induced decoherence".) He suggested that we ought to replace the term "measurement" with that of "experiment", and also not to even speak of "observables" (the things that seem to call for an "observer") but to introduce, instead, the concept of "beables" -the things that objectively "happen-to-be (or not-to-be)", independent of whether there is some "observer", even if only in the future [60] , or not. In his scrupulous analysis of the quantum measurement problem [6] , "Against Measurement," John Bell indicates that to make sense of the usual mumbo jumbo one must assume either that (i) in addition to the wave function psi of a system one must also have variables describing the classical configuration of the apparatus or (ii) one must abrogate the Schrödinger evolution during measurement, replacing it by some sort of collapse dynamics.
The theory of quantum events (EQT), outlined in Section 2, combines (i) and (ii): there are additional classical variables, commonly referred to as "superselection rules", and because of the coupling between these variables and the quantum degrees of freedom, the evolution is not exactly the Schrödinger evolution, and it leads to collapses, in particular in measurement-like situations.
It is to be noted that Bell criticized both (i) and (ii), because both ascribe a special fundamental role to "measurement", which seems implausible and makes vagueness unavoidable. EQT takes his valid criticism into account. In EQT we make a distinction between a measurement and an experiment. Both have a definite meaning within EQT. According to the general philosophy of EQT, our universe, one that we perceive and are trying to describe and understand, can be considered as being "an experiment" -performed by Nature herself. This is in total agreement with Bell, it is also in agreement with the philosophy of John Wheeler, as outlined in [60, 61] . John A. Wheeler stressed repeatedly [60] : "No elementary quantum phenomenon is a phenomenon until it is a registered ('observed,' 'indelibly recorded') phenomenon." But, he did not give a definition of "being recorded" (though he stressed that human "observers" are neither primary nor even necessary means by which quantum potentials become "real") -and we now understand why: Because such a definition could not have been given within the orthodox quantum theory. It is given in EQT -see Section 2 below.
Historically, physicists arrived at quantum formalism by a formal process known as "quantization". Bohr's quantization, Sommerfeld's quantization, geometric quantization, deformation quantization ... Today there is a multitude of formal quantization procedures, each leading to the end result that classical quantities are being formally replaced by linear operators that, in general, do not commute. The same components of position and momentum do not commute. Different components of spin do not commute. In each case the quantum commutation relations involve Planck's constant on the right hand side. It is normally considered that it is not possible to measure si-multaneously several noncommuting observables. One usually quotes in this respect the celebrated Heisenberg's uncertainty relations. One must notice that, in his classic monograph [38] , John von Neumann was very careful in this respect and he stressed explicitly that formal mathematical relations in no way indicate impossibility of a simultaneous and precise measurements of, say, position and momentum. He relied completely, in his account of "physical interpretation" of uncertainty relations, on "thought experiments" of Bohr and Heisenberg. Masanao Ozawa, in a recent series of papers [41, 42, 43, 44, 45] , reviewed the actual status of theories of state reduction and joint measurement of non-commuting observables. Let us recall that for any pair of observables A and B we have the following relation [51] :
where · · · ρ stands for the mean value in the given state ρ, ∆ ρ A and ∆ ρ B are the standard deviations of A and B, defined by ∆ ρ X = ( X 2 ρ − X 2 ρ ) 1/2 for X = A, B, and the square bracket stands for the commutator, i.e., [A, B] = AB − BA. In particular, for two conjugate observables Q and P , which satisfy the canonical commutation relation
we obtain Kennard's inequality [35] 
In [41] Ozawa concludes that "... the prevailing Heisenberg's lower bound for the noise-disturbance product is valid for measurements with independent intervention, but can be circumvented by a measurement with dependent intervention. An experimental confirmation of the violation of Heisenberg's lower bound is proposed for a measurement of optical quadrature with currently available techniques in quantum optics."
In a recent paper of this series [44] Ozawa writes "Robertson's and Kennard's relations are naturally interpreted as the limitation of state preparations or the limitation of the ideal independent measurements on identically prepared systems [1, 50] . Moreover, the standard deviation, a notion dependent on the state of the system but independent of the apparatus, cannot be identified with the imprecision of the apparatus such as the resolution power of the γ ray microscope. Thus, it is still missing to correctly describe the unavoidable imprecisions inherent to joint measurements of noncommuting observables. " Although our criticism of the standard treatment of the measurement process and of the interpretation of the uncertainty relations goes much deeper, we do agree with the above conclusions.
An Outline of Quantum Event Theory
EQT starts with the realization that any formal description of Reality must have a dual, partly classical and partly quantum nature. Those who deny this, contradict themselves by the very act of denying. Indeed, as stressed already by Niels Bohr, the sentences that they write, the conclusions they come to, are all classical in nature. The fact of communicating anything through some channel, in finite time, is an "event" -and as such, it is classical. It happens. However, there are no events in standard quantum theory, they do not belong to quantum dynamics, and the standard quantum theory does not provide us with any understanding of why, how, and when they happen.
In EQT we assume that, for one reason or another, the important object is a ⋆-algebra of operators A. 1 For historical reasons A is called an "algebra of observables", even if only normal operators, that is those which commute with their adjoints, are believed to be directly related to observable physical quantities. In EQT the elements of A, even if they can represent "physical quantities", can neither be observed nor do they represent, as it is assumed within the standard interpretation "observational procedures" -except in a limit that is rather unrealistic. We will see that operators in A do exactly what they are supposed to do: they operate on states to produce new states that result from quantum events. They implement quantum jumps that accompany any event and any information gain related to the quantum system. It should be noted that in EQT we do not import any a priori probabilistic interpretation of the standard quantum theory. All interpretation is being derived from the Event Generating Process described below. Interpretation of eigenvectors, eigenvalues, mean values of observables, etc. should be derived from the dynamics of EQT. Part of the standard wisdom about eigenvalues and eigenvectors can, in fact, be justified within EQT, and so we will use it as a heuristic tool for constructing mathematical models of "real world" situations. The algebra A will be assumed to be a C ⋆ or a von Neumann algebra, though EQT can work also in spaces with indefinite scalar product or within a Clifford algebra framework. A generic algebra A has a nontrivial center Z -the set of all A ∈ A which commute with all the elements of A. In particular Z is Abelian -it represents the classical subsystem. Algebras with trivial center (i.e. center consisting of operators that are complex multiples of the identity) are called factors. Physicists insisting on the idea that there are no genuine classical degrees of freedom are, in fact, insisting on the idea that only factors should be used for an algebraic description of quantum systems. While it is true that every algebra can be decomposed, essentially uniquely, into a direct sum (or integral) of factors, restricting to factors alone is like restricting to prime numbers alone. While it is true that any integer can be decomposed into a product of prime numbers, insisting on the idea that only prime numbers should be used would be simply silly. Atoms build molecules. There would be no life without molecules. Similarly factors build more complex non-factors. According to our definition below, there would be no "events" without non-factors! Thus there would be no data (recording a datum is an event) that could be used in experiments.
Each Abelian algebra has only one-dimensional irreducible representations. These are called characters, and the set of all characters of Z is called the spectrum of Z. By quite general representation theorems, each Abelian algebra is naturally isomorphic to an algebra of functions over its spectrum (continuous, measurable etc., depending on the type of the algebra). For simplicity we will assume that the spectrum of Z is discrete -countable, or even finite. With proper care we could consider more general cases -as for instance in the SQUID-tank model, where the spectrum of Z is a symplectic manifold (cf. [8, 39] , and also [40, 12, 13] for other examples of working EQT models with a continuous spectrum of Z). Heuristically the points of the spectrum of Z are the "pointer positions" -that is, states of the classical subsystem -we will denote the spectrum of Z by the letter C. Discrete changes of states of C are called events . When the set of classical states is discrete, then any change of it is discrete. But, for instance, in models with a continuous spectrum (as, for instance, when C is a phase space {q, p}) we will have a continuous evolution of the state of C that is interrupted by events, for instance jumps in the momentum p (instantaneous boosts) in C.
In order for this paper to be self-contained, we will describe now explicitly the event generating algorithm that generalizes the Schrödinger equation and describes the time evolution of an individual system within the EQT framework. More information , as well as the original derivation of the algorithms from a generic Liouville equation, can be found in [11, 9] and references therein. To make the idea as clear as possible we will assume that our classical system, represented by Z ⊂ A admits only finite number of states. We will call these states α = 1, . . . , m. There are m 2 − 1 possible events (α → β), α = β, . For each α let H α be the Hilbert space of the quantum system. Usually all these Hilbert spaces are isomorphic or even identical. But it costs us nothing to allow for a more general setting, so that the transition α → β may correspond to a phase transition, where the Hilbert space, perhaps even its dimension, must also change. We then need m 2 operators: m Hermitian operators H α -the Hamiltonians H α : H α → H α , and m 2 −m operators g αβ : H β → H α . Thus our operator valued matrix g αβ has zeros on the diagonal. 2 The operators H α , g αβ may depend explicitly on time. Before describing our event generating process, that replaces the Schrödinger equation, let us introduce a convenient notation; for any non-zero ψ α ∈ H α denote
EVENT GENERATION
The algorithm powering the EQT event engine is described by the following steps:
Event Generating Algorithm:
Given on input t 0 , α 0 and ψ 0 ∈ H α 0 , with ψ 0 = 1, it produces on output t 1 , α 1 and
2) Propagate ψ 0 in H α 0 forward in time by solving:
with initial condition ψ(t 0 ) = ψ 0 until t = t 1 , where t 1 is defined by 3
3) Choose uniform random number r ′ ∈ [0, 1] 4) Run through the classical states α = 1, 2, . . . , m until you reach α = α 1 for which
Time evolution of an individual system is described by repeated application of the above algorithm, using its output as the input for each next step. If we want to study time evolution in a given interval [t in , t f in ], then we apply the algorithm by starting with t 0 = t in , repeating it until we reach t = t f in somewhere in the middle of propagation in step 2). Then we normalize the resulting state. Remark 1. According to the theory developed in Ref. [10] the jump process is an inhomogeneous Poisson process with intensity function λ α (t). One way to simulate such a process is to move forward in time by small time intervals ∆t, and make independent decisions for jumping with probability λ α (t)∆t. This leads to the probability p of a jump to occur in the time interval (t 0 , t) given by:
By using the identity log f (t)−log f (t 0 ) = t t 0ḟ
(s)/f (s) ds, with f (s) . = ||ψ α (t)|| 2 , it is easy to see that p = 1 − ψ α (t) 2 -which simplifies simulation -as we did it in the step 2) above. This observation throws also some new light upon those approaches to quantum mechanical description of particle decays that were based on non-unitary evolution. Remark 2. By repeating the above event generating algorithm many times, always starting with the same state at the same initial time t 0 , and ending it at the same final time t, we will arrive at different final states with different probabilities. Let α 0 , ψ α 0 , t 0 be the initial state, and let µ(α 0 , ψ α 0 , t 0 ; α, ψ α , t) be the probability density of arriving at the state (α, ψ α ) at time t. We may associate with this probability distribution a family of density matrices:
so that α Trρ α = 1. This association is many to one. We lose this way information. Nevertheless, as shown in [10, 34] , the following theorem holds:
where { , } stands for anti-commutator and Λ α is defined by Eq. (4) . Conversely, the process with values in pure states α, ψ α described in the previous subsection is a unique one leading to (12) .
The equation (12) describes time evolution of statistical states of the total, classical+quantum, system. This is the standard, linear, master equation of statistical quantum physics, equation that describes infinite statistical ensembles, not individual systems. Though the theorem quoted above tells us that the event generating algorithm follows essentially uniquely from the Liouville equation, we believe that it is the algorithm rather than the statistical description that will lead to future generalizations and extension of the applicability of the quantum theory. For instance, in the above formalism it is assumed that the operators g αβ are linear. But they do not have to be.
Historically, EQT started with an attempt at describing time evolution of a system with a non-trivial center, in the simplest case with A = A q ⊗ A c l, where there would be a dynamical coupling and mutual exchange of information between the quantum and the classical degrees of freedom. Because algebra automorphisms preserve the center of any algebra, it was clear that automorphisms could not be used to this end.
In a private communication with the author, Rudolph Haag, long ago, expressed his doubts as to the physical significance of the algebraic product in the algebra of observables. Even if the product AB is useful in setting up the canonical commutation relations, the product of observables is not itself an observable and, therefore, need not be necessarily preserved by time evolution when irreversible recording is taking place. What seems to have physical meaning is positivity in the algebra, therefore the simplest generalization of the automorphic evolution takes us to semigroups of positive maps. Positivity itself is not a stable condition. Adding spurious degrees of freedom which do not participate in the dynamics can destroy positivity. The more stable condition is called "complete positivity". It is defined as follows:
Because Hermitian elements of a C ⋆ -algebra are differences of two positive ones -each positive map is automatically Hermitian. Let M n denote the n by n matrix algebra, and let M n (A) = M n ⊗ A be the algebra of n × n matrices with entries from A. Then M n (A) carries a natural structure of a C ⋆ -algebra. With respect to this structure a matrix A = (A ij ) from M n (A) is positive iff it is a sum of matrices of the form
If A is an algebra of operators on a Hilbert space H, then M n (A) can be considered as acting on
A positive map φ is said to be completely positive or, briefly, CP iff φ ⊗ id n :
is positive for all n = 2, 3, . . . . When written explicitly, complete positivity is equivalent to n i,j=1
for every A 1 , . . . , A n ∈ A and B 1 , . . . , B n ∈ B. In particular every homomorphism of C ⋆ algebras is completely positive. One can also show that if either A or B is Abelian, then positivity implies complete positivity. Another important example: if A is a C ⋆ algebra of operators on a Hilbert space H, and if V ∈ B(H), then φ(A) = V AV ⋆ is a CP map φ : A → φ(A). Evans [24] , who generalized the celebrated theorem of Stinespring [56] , proved that every normal CP map φ of a von Neumann algebra M of operators in separable Hilbert space H is of the form
Finally, Gorini, Sudarshan and Kossakowski [30] and Lindblad [36] gave a general form of a bounded generator of a dynamical semigroup acting on the algebra of all bounded operators L(H). It is worthwhile to cite, after Lindblad, his original motivation:
The dynamics of a finite closed quantum system is conventionally represented by a one-parameter group of unitary transformations in Hilbert space. This formalism makes it difficult to describe irreversible processes like the decay of unstable particles, approach to thermodynamic equilibrium and measurement processes [. . .]. It seems that the only possibility of introducing an irreversible behavior in a finite system is to avoid the unitary time development altogether by considering non-Hamiltonian systems. Christensen and Evans [20] generalized these results to the case of arbitrary C ⋆ -algebra. 
Theorem 2 (Christensen -Evans
In problems that are explicitly time-dependent, as it is in most cases where there is an explicit intervention of the "experimenter", who sets up the characteristics of the measuring device according to the needs of the experiment, the maps φ and K will depend of time, and they will generate a family alpha t of CP maps, which will not have the semigroup property. Such is the case, for instance, when we model an "instantaneous measurement", with the detector activated only during a short time interval, as discussed the example 2.2.1 below.
SIMPLE EXAMPLES
Physicists have long experience with constructing Hamiltonians H α describing action of external force fields and different known interactions between particles. But how do we construct the transition operators g αβ ? As it has been noticed by many authors, any "measurement" can be, in principle, reduced to a position measurement. Once we know how to measure the "pointer position", it is argued, it is enough to set up an interaction between the apparatus and the system, both considered as quantum systems, and, when the measurement is "done", read the pointer position. While we do not think that life is that simple, there is certainly some truth in the above, and therefore let us start with a simple model of position measurement. The position variable can be analyzed in terms of yes-no observations as to whether a given region of space is occupied or not. Thus our first example will describe a simple particle detector. In the next section we will describe how a simultaneous monitoring of several non-commuting observables can be modeled within EQT.
A single detector
A detector is a two-state device. It is often assumed that a detector destroys the particle, but, as a typical track in a cloud chamber shows, this need not be the case. There are several ways of building a model of a detector, and we will describe the simplest one, though not quite realistic. We would like to think of a detector as a two-state device, with two meta-stable states, denoted 0 and 1, able to jump from one state to another when detecting a signal. We will assume zero relaxation time, so that after detecting a signal, the detector is instantly ready to detect another signal. Heuristically a particle passing close to the detector can trigger its "flip" from 0 to 1, or from 1 to 0. We will be interested only in the simplest case, when the detection capability depends only on the particle location, and not on its energy or other characteristics.
Let us now specialize and consider a detector of particle presence at a location a in space (of n dimensions). Our detector has a certain range of detection and certain efficiency. We encode these detector characteristics in a gaussian function:
where κ is the detector sensitivity constant constants, σ is a width parameter, and n stands for the number of space dimensions. If the detector is moving in space along some trajectory a(t), and if the detector characteristics are constant in time and space, then we put: g t (x) = g(x − a(t)). Let us suppose that the detector is in on of its states at t = t 0 and that the particle wave function is ψ 0 (x). Then, according to the algorithm described in the previous section, probability p of detection in the infinitesimal time interval (t 0 , t 0 + ∆t) is given by p ≈ g 2 t 0 (x)|ψ 0 (x)| 2 dx·∆t. In the limit σ → 0, when g 2 t (x) → κ δ(x− a(t)) we get p ≈ κ|ψ 0 (a(t 0 ))| 2 ·∆t. Thus, when ∆t << 1/κ, we approximately recover the usual Born interpretation, with the evident and necessary correction that the probability of detection is proportional to the length of exposure time of the detector.
MEASUREMENT OF NONCOMMUTING OBSERVABLES
In this example we will describe a model of a simultaneous measurement of several noncommuting observables. The most celebrated example is the canonical pair of position and momentum observables. Although, in principle, easy, technically it is difficult to simulate on a computer because the Hilbert space is infinite-dimensional. We will therefore choose here the simplest toy model. The simplest, nontrivial "space" has just two points, we will denote them "-1" and "1". The "translation group" which operates on these two points has two elements: the identity element and the "flip" that exchanges these two points. We realize this simple imprimitivity in a twodimensional Hilbert space H = C 2 . With the standard Pauli matrices σ 1 , σ 2 , σ 3 defined by
we represent the "position operator" by σ 3 , and the "momentum operator" by σ 1 .
Note that in our case sigma 1 represents both, the unitary "flip" and its self-adjoint "generator". We will need four detectors, two for detecting position eigenvalues q = −1 and q = +1, and two for detecting momentum eigenvalues p = −1 and p = +1. As, formally, this is a particular case of a more general situation, when we model a monitoring of several noncommuting spin projections, in what follows we will discuss this more general situation. As with the simple choice above, with four detectors, we will consider a simple, highly symmetric geometric pattern, so that the fractal and self-similarity effect are easily recognizable. Our quantum system will be therefore spin a single 1/2, with no spatial degrees of freedom. In order to construct a model within the framework of EQT we need to specify the classical system, its states, and operations implementing transitions between states. We will have a family of n detectors, each of them can be excited independently of the others, so that the probability of two detectors being excited at the same time is zero. Therefore a state of the classical system will be sequence of n numbers, each number being 0 or 1.
There are 2 n of such states, and a possible change of state consists of adding 1 mod 2 at i-th place. For instance, if we have four detectors, a possible transition between states can be α = (1, 0, 1) −→ β = (0, 0, 1) -a flip of the first detector. Only one detector can flip at a time. As for the spin system, we will identify the Hilbert spaces H α ≡ H ≡ C 2 , α = 1, . . . , 2 n , corresponding to different states of the classical subsystems. In this way the total algebra A will be represented as a tensor product A = A q ⊗ A c of its quantum and classical parts. Because the quantum system is a two-state system, so the quantum algebra A q = L(H) is the algebra of 2 × 2 complex matrices. Pure states of the spin system are uniquely represented by points of the complex projective space P 1 (C), which is isomorphic to the sphere S 2 or, equivalently, by one-dimensional projections of the form 1 2 (I + n · σ), where n is a unit vector in R 3 -pointing in the direction of the spin.
To be specific, let us consider a simple and symmetric configuration of detectors, when the measuring apparatus consists of four yes-no polarizers corresponding to N = 6 spin directions n i , i = 1, ..., N , arranged at the vortices of a regular octahedron along the directions n i , i = 1, . . . , N : {{{0, 0, 1}, {1, 0, 0}, {0, 1, 0}, {−1, 0, 0}, {0, −1, 0}, {0, 0, −1}}
Notice that the six vectors sum up to zero
We may assume it evolves according to Hamiltonian H = ω 2 σ 3 , ω ≥ 0. The coupling between the spin system and the detectors is specified by choosing six operators a i which correspond to six vectors n i
where ǫ ∈ [0, 1]. These operators correspond to the events in the detectors: whenever the i − th detector changes its state, and irrespective of the actual state of other detectors, the quantum state makes a jump implemented by the operator a i . Thus the a i -s play the role of operators g αβ : g αβ . = a i whenever the states α and β differ just at the i-th place, otherwise g αβ = 0. Notice, that for ǫ = 1, a i are projection operators.
Eq. (17) implies that a projection valued measure corresponding to a sharp measurement has been replaced by a positive operator valued measure. However, as the result of a jump, not all of the old state is forgotten. The new states depends, to some degree, on the old state. Here EQT differs in an essential way from the naive von Neumann's projection postulate of quantum theory. Here the parameter ǫ becomes important. If ǫ = 1 -the case where P (n, ǫ) = P (n) is a projection operator -the new state, after the jump, is always the same, it does not matter what was the state before the jump. There is no memory of the previous state, no "learning" is possible, no "lesson" is taken. This kind of a "projection postulate" was rightly criticized in physical literature as being in contradiction with the real world events, contradicting, for instance, the experiments when we take photographs of elementary particles tracks. But when ǫ is just close to the value 1, but smaller than 1, the contradiction disappears. This has been demonstrated in our cloud chamber model, where particles leave tracks much like in real life, and that happens because the multiplication operator by a Gaussian function does not kill the information about the momentum content of the original wave function. Notice that P (n, ǫ) have the properties similar to those of Gaussian functions, namely
We describe now a sample path of the process. Let us first discuss the algebraic operation that is associated with each quantum jump. Suppose before the jump the state of the quantum system is described by a projection operator P (r), r being a unit vector on the sphere. That is, suppose, before the detector flip, the spin "has" the direction r. Now, suppose the detector P (n, ǫ) flips, and the spin right after the flip has some other direction, r ′ . What is the relation between r and r ′ ? It is easy to see that the action of the operator P (n, ǫ) on a quantum state vector is given, in terms of operators, by the formula:
where λ(ǫ, n, r) is a positive number. It is a simple (though somewhat lengthy) matrix computation that leads to the following result:
where (n · r) denotes the scalar product n · r = n 1 r 1 + n 2 r 2 + n 3 r 3 .
According to EQT the probabilities p i are computed from the formula: where const is the normalizing constant. Using cyclic permutation under the trace, as well as the fact that P (r) 2 = P (r) we find, taking trace of both sides of the formula (19) , that p i are proportional to λ(ǫ, n i , r) given by (20) , thus
Note that, owing to the fact that
, as it should be. Assume that at time t = 0 the quantum system is in the state r(0) ∈ S 2 ( we identify here the space of pure states of the quantum system with a two-dimensional sphere S 2 with radius 1). Under the time evolution it evolves to the state r(t) which is given by the rotation of r(0) with respect to z-axis. Then, at time t 1 a jump occurs. The time rate of jumps is governed by a homogeneous Poisson process with rate κ. When jumping r(t) moves to
with probability
And the process starts again. The iterations lead to a self-similar structure with a trajectory showing sensitive dependence on the initial state, but with a clear fractal attractor -we may call it "Quantum Octahedron". This fractal figure is in the projec- Any information about the initial quantum state seems to be lost rather soon, and is probably irrecoverable from the detectors' readings due to mixing. There is no general theory yet that would address the problem of recovering probabilistic information about the state of the quantum system and its dynamics from the data recorded by the classical device, except in the limiting cases such as, for instance, when we can take Born's interpretation limit as discussed above in section 2.2.1. Figure 1 . Quantum Octahedron. 100,000,000 jumps on P1(C), ǫ = 0.58
Removing two vertices of the octahedron we get four points that represent our "position-momentum" simultaneous measurement toy model. Since the four remaining vertices are on a plane, which intersects with the sphere along a circle, it is clear that the attractor will be on this circle, and that the fractal pattern will be, in this case, one-dimensional. In Figure 2 we show the path to the attractor, starting with a randomly chosen initial step (left upper corner). The resolution constant ǫ had to be chosen very small, ǫ = 0.0045, since otherwise the state reaches the attractor set on the circle in just few steps. With a much higher resolution (ǫ = 0.7) the Cantor set like fractal structure on the circle can be seen. Figure 3 shows one million jumps, first the whole picture, and then ×1000 zoom into the fractal attractor set. Figure 4 shows another self-similar picture, representing quantum jumps on P 1 (C) for twenty detectors arranged at the vertices of a regular dodecahedron: 
Quantum Iterated Function Systems
The EQT algorithm generating quantum jumps is similar in its nature to a nonlinear iterated function system (IFS) [2] (see also [48] and references therein) and, as such, it generically produces a chaotic dynamics for the coupled system. IFS-s are known to produce complex geometrical structures by repeated application of several noncommuting affine maps. The best known example is the Sierpinski triangle generated by random application of 3 × 3 matrices A[i], i = 1, 2, 3 to the vector: is selected with probability p[i] = 1/3. After each transformation the transformed vector is plotted on the (x, y) plane. Theoretical papers on IFSs usually assume that the system is hyperbolic that is that each transformation is a contraction, i.e. the distances between points get smaller and smaller. This assumption is not necessary when transformations are non-linear and act on a compact space -as is in the case of quantum fractals with which we are dealing. In our case the probabilities assigned to the maps are derived from quantum transition probabilities and thus depend on the actual point, but such generalizations of the IFS's have been also studied (cf. [47] and references therein). Our algorithm generates quantum fractals 4 , that is self-similar patterns on the complex projective space of pure states of a quantum system.
In a recent paper [37] Łozinski, Słomczynski and Zyczkowski studied iterated function systems on the space of mixed states, when probabilities that are associated with maps are given independently of the maps. In section III of their paper they give a short discussion dealing with iterated function systems on the space of pure states as well. They start with the following definition of a (pure states) quantum iterated function system(QIFS): Definition (QIFS) Let H N be a complex Hilbert space of dimension N. Let P N be the space of one-dimensional subspaces of H N . Given a unit vector φ ∈ H N , let P φ be the orthogonal projection onto the subspace spanned by φ.. Specify two sets of k linear invertible operators: 
for any φ ∈ P N , and
Comments
1. The authors define the system to be hyperbolic if the maps F i are contractions with respect to the Fubini-Study distance d(P φ , P ψ ) = arccos T r(P φ P ψ ) , i.e. there exists constants 0
for all φ, ψ ∈ H N . Then they state a proposition (Proposition 1 in [37] ) that guarantees existence of an invariant measure for a hyperbolic system. It seems that the assumptions of this proposition can not be satisfied. It is well known [31] that a smooth injective map of a compact orientable manifold is automatically a bijection. On the other hand, iterating the map several times if necessary, the distance between any two image points can make smaller than any given positive number, and therefore, a fortiori less than the maximal distance between the points of P N , which contradicts surjectivity. 5 2. The authors of [37] assume that the probabilities p i are given independently of the mapping operators V i . This is not the case in the EQT scheme. In EQT V i need not be invertible, but the probabilities p i are determined by the V i -s automatically, and in such a way that whenever there is a danger of dividing by zero, the associated probability is automatically zero.
Open Problems
There are two kinds of open problems in EQT: those dealing with the developing theory and its applications, and those related to its very foundations. Let us start with questions of the first kind. The original motivation for creating EQT was our dissatisfaction with the rigor of Hawking's derivation of black hole radiation formula. The way classical gravitation field was coupled to a quantum field, with back action of the quantum field on classical gravitation, was, in our opinion, highly unsatisfactory. Then there was gravity itself, where the ten components of the metric tensor split naturally into a scalar field Φ that defines the volume form, and the nine components that define conformal (i.e. light cone) structure of space-time. A first attempt in quantizing gravity would be quantizing Φ, and leaving the conformal structure at the classical level, yet coupled to the quantized Φ with a back-action. Although EQT evolved and matured since its birth in 1993, so that we can deal now with infinitely many degrees of freedom and continuous spectra, the two original motivating problems have not yet been modeled within EQT. Also the problem of formulating EQT strictly within the algebraic framework is still waiting for implementation.
Concerning the foundational problems, the problem number one is derivation of EQT from a set of primitive and easily understandable assumptions. There are several options here and we would like to comment on some of them.
ENVIRONMENTALLY INDUCED DECOHERENCE
Following the ideas introduced by Gell-Mann, Hartle, Zurek, Zeh and others (see [28, 63, 64, 29, 62] Blanchard and Olkiewicz [14] tried to rigorously derive emergence of classical degrees of freedom from particular types of quantum dynamics. The main problem with this kind of an approach is that it uses the undefined, somewhat magical, term "environment". How to split the universe into "the system" and "its environment" is never discussed. If the splitting happens only in the brain of a physicist, the phrase "dynamically induced" is somewhat exaggerated. The point is that the authors start with the assumed open system dynamics and Liouville equation without ever discussing how Schrödinger's dynamics can "dynamically" deform from an automorphic to a dissipative form. The formal operations, like splitting into tensor product and taking a conditional expectation value are purely mathematical and have nothing to do with real, physical, dynamical processes. As we mentioned in the introductory part, the very use of term "environment", without a rigorous definition of the term, is as useless as the use of the term measurement, without being able to provide its formal definition. Any attempt to derive decoherence as a limiting procedure fails to address the problem of events happening in finite time, with the system reacting to the events that happen.
BOHMIAN MECHANICS
Bohmian mechanics (see [15, 7] assumes that the classical degrees of freedom -positions and momenta of the particles -evolve in a modified potential, determined by the quantum wave function. This theory needs a preferred basis, like, for instance, the coordinate basis. But in case of pure spin no such preferred basis exists and there is no way in which it can be dynamically selected in a generic case. One can try to argue that the eigenvalue decomposition of a given density matrix provides such a basis, but even this reasoning fails when the density matrix eigenvalues are degenerate.
INFRARED SECTORS
If we believe in quantum field theory and if we are ready to take a lesson from it, then we must admit that one Hilbert space is not enough, that there are inequivalent representations of the canonical commutation relations, that there are superselection sectors associated to different phases. In particular there are inequivalent infrared representations associated to massless particles (cf. [52] and references therein). Then classical events would be, for instance, soft photon creation and annihilation events. That idea has been suggested by Stapp [53, 55] some twenty years ago, and was analyzed in a rigorous, algebraic framework by D. Buchholz [16] . Another possibility is that not only photons, but also long range gravitational forces may take part in the transition from the potential to the actual. That hypothesis has been expressed by several authors (see e.g. contributions of F. Károlyházy et al., and R. Penrose in [49] ; also L. Diosi [21] ).
DEFORMATION QUANTIZATION
A large part of our understanding of quantum theory comes through the idea of "quantization". For instance, we take a classical Hamiltonian system on a phase space M , typically M ≈ R 2n , and we deform the product f g on the space of C ∞ functions on M into a new, non-commutative product f ⋆ λ g, so that we recover the classical structure for λ → 0 (see [3, 4] for a review). It is in this way that we are able to interpret algebraic objects of quantum theory, by relating them to the well understood objects of classical Hamiltonian dynamics. Flato and Sternheimer suggested [26] that EQT may be, perhaps, derived in a similar way, via deformation quantization of a classical dissipative (and thus non-Hamiltonian) non-Hamiltonian structure, so that the transition operators g αβ of EQT can be traced back to well understood classical objects. Deformation quantizations of generalizations of standard Poisson structures and of Hamiltonian dynamics has indeed been developed, mainly with applications based on Nambu mechanics [22, 25] , and quantization of classical dissipative structures has been studied via generalized canonical quantization [23, 57, 58 ]. Yet, until now, the program of quantizing only a part of the system, while the other part remains classical, and relating the result to the formal scheme of EQT remains open.
NATURAL MATHEMATICAL CONSTRUCTIONS
Temporal evolution of a non-dissipative quantum system is described by a one-parameter group of automorphisms of its algebra of observables. It was a surprising discovery when Tomita-Takesaki theory allowed us to naturally associate such a group with each faithful normal state (or, more generally, weight) of the algebra. Connes and Rowelli [19] speculated that the modular group of automorphisms of the equilibrium thermal state of the universe provides a quantum dynamics at a fundamental level, a dynamics that defines, by itself the very "rate of flow of time". It is quite possible that by a generalization of the Tomita-Takesaki scheme natural semigroups of completely positive maps can be associated to certain states of von Neumann algebras. If so, then natural examples of EQT dynamics can be produced via pure algebraic means. Some of these example may have physical interpretation and application to fundamental structures of physics.
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